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Abstract. The paper establishes the existence of a nonconstant periodic solution of a general
second order nonautonomous Hamiltonian system with discontinuous nonlinearities. The multip-
licity of solutions is also studied.
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1. Introduction and the statement of the main result

In recent years, the theory of variationa inequalities has been considerably
developed. It is well known that these unilateral problems express the principle of
virtual works or powers in its inegquality form and are closely connected with the
convexity of the corresponding energy functionals involved, i.e., on the monotonici-
ty of their gradients (in the smooth case) or their subdifferentials (in the nonsmooth
one).

In the case of the lack of convexity, the variational expression of the problem
leads to a new type of formulation called hemivariationa inequality theory
introduced and developed by PD. Panagiotopoulos since the early 1980s.
Hemivariational inequalities are derived from nonconvex and nondifferentiable
superpotentials by using the mathematical notion of generalized gradient of F.H.
Clarke [3] for localy Lipschitz functions. The hemivariational inequality approach
has now been proved to be very efficient to describe the behaviour of several
mechanical problems, e.g., the delamination problem of multilayered plates,
nonmonotone semipermeability problems, the partial debonding of adhesive joints,
etc. For more details concerning this approach, we refer the readers to the book of
Panagiotopoulos [7].

The paper is devoted to the following boundary value problem, denoted (%), for
a second order nonautonomous Hamiltonian system with discontinuous non-
linearities in R":
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—uct) + &(t) = e(t)
&t)ea,jt,ut) ae te(0,T),
u(T) —u(0) = u(T) — u(0) =0,
for a prescribed period T > 0.
By a solution of problem (2) we mean a function u€ W>*(0, T; R") for which
one finds a function &£ € L*(0, T; R™) provided the relations in () are verified. Let
us precise now the meaning of the data entering problem (£). Throughout the

paper, the norm of the Euclidean space R" is denoted by |- |. Let e€ L*(0, T; R™).
The function j : R X R" ~ R is required to satisfy the following conditions:

(j,) for each x€R", j(-,x) is a measurable, T-periodic function, and j(t, 0) = 0,
VteR,;
(j,) for every constant M >0 there is k,, € L*(0, T; R) such that

1) =it VI<ky®x =y, ViX.[yl<M, aete(0,T);
(j,) there exist numbers x> 2, @ >0, B> 0 such that

1
j(t,x)—;jo(t,x; X=alx?—B, VxER", ae te(0,T),

where j°(t, x; y) stands for the generalized directional derivative of j(t, -) at x in the
direction y and is defined by the formula

itz+y)—jt.2
p /\ ’

i°t x; y):=limsu
)‘ZﬁﬁOX-F

(j,) there exists a point x, € R", with [x,| = (B/a)*'?, such that

.
J jt, %) dt<0;
[0]

(j,) there exist numbers r >0 and y >0 such that
jtt, ) =et)-x+y|x]?, Vx<r, ae te(0,T);

(jo) if yER" satisfies et) €9, j(t, y) for ae. t€ (0, T), then

T T
[ ityas] evd-y;
[0] 0]
(jg) for dl tER, there is a continuous function «(t) >0 such that
jt,x)< —a(t)|x]” for ech [x| =1, xeR",

where v>2 and r > 0.
Here the notation a, j(t, -) stands for the generalized gradient of j(t, -) in the sense
of Clark which is defined by:
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A X = eR[°tx y)=(x*,y), VyeR"“.

The main difficulty in the study of problem (%) consists in the fact that the
corresponding potential is nonconvex, nonsmooth, without the usual coercive
guadratic term in the variable u(t) and under the presence of the linear term
determined by the function e(t) (compare, e.g., with the nonsmooth and nonconvex
Hamiltonian system treated in Adly, Goeleven and Motreanu [1]). This does not
allow to apply directly to problem (&) the approach relying on mini—max results in
the nonsmooth critical point theory (see Chang [2] and Motreanu [4]) because it
does not fit into the superlinear setting of such framework. We overcome here these
difficulties by imposing suitable growth conditions for the nonlinear part j(t, X) in
order to compensate the lack of coerciveness of the linear part (see assumptions
(jo)~(is))-

The aim of our study is to provide verifiable sufficient conditions ensuring the
existence of nontrivial solutions to problem (2). Our existence result concerning
problem (£) is the following.

THEOREM 1.1. Under assumptions (j,)—(js), problem (£) has a nonconstant
solution u € W>*(0, T; R™) with u and u periodic.

The theorem above is closely related to the theory of hemivariational inequalities.
For the formulation of problem (£) in terms of hemivariational inequalities as well
as for related results, comments and applications we refer to [1, 5-7]. Finally, we
establish in Theorem 3.1 a multiplicity result for the set of solutions to problem
(2). In fact, it is shown that under the additional hypothesis (j), assuming that the
potential j(t, ) is even on R, for each t, and e =0, problem (%) admits infinitely
many nonconstant solutions.

The rest of the paper is organized as follows. Section 2 contains the proof of
Theorem 1.1. Section 3 deals with the multiplicity result for problem ().

2. Proof of the main result

In this section we give the proof of Theorem 1.1. For a later use we introduce the
functional J:L”(0, T; R") -~ R by

J(u) = LT ju)dt, YueL”(0,T;R").

Let us show that the functional J is Lipschitz continuous on bounded subsets of
L*(0, T; R™). To this end let M >0 be a fixed number. Then, by assumption (j,),
we can write
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3(v) = Iw)| < L it V(D) = w(b)] dt

:

= f Ku(®)Iv(t) — w(t)] dt
[0]

< o vl -

This justifies that J is Lipschitz continuous on bounded sets in L”(0, T; R™).
Consequently, it makes sense to consider the generalized gradient 9J(u) of J at any
ueL”(,T;R"M).

Moreover, one can check readily that assumption (j,) implies the next condition
in Clarke [2], p. 80: for every u€ L”(0, T; R") there exist e >0and ke L*(0, T; R)
such that |j(t,x) —j(t, y)| < k(t)|x —y| whenever |x —u(t)|, |y —u(t)|<e, ae te
(0, T).

This allows to conclude that for every z€dJu) there exists £= &2 €
L*(0, T; R") (in fact, £(-)-v(-) EL*O, T;R"), Vv €L™(0, T; R")) satisfying

(z,v) = LT &)@ dt, YweL™(0,T;RY) (2.1)

and
&) Ea,jt,ut) aete(0,T) (2.2)
(see Clarke [2], p. 80).
Let H denote the Hilbert space of T-periodic, absolutely continuous, R"-valued

functions on R whose derivative is square integrable on (0, T). The Hilbert space
HI is endowed with the norm

o= [ Quo + ) ), vueH?.

By means of the functional J we introduce | : HT -~ R by

|(u)=%f0 \U(t)|2dt+f0 j(t, u(t) dt—L e(t) - u(t) dt
= 2l + 90~ @ Wy, VuEH:. 23)

It is clear that the functional | is locally Lipschitz on HY. We apply to | the
Mountain Pass Theorem in Chang's variant for locally Lipschitz functions (see
Chang [2]).

Firstly, we check that | : Hi - R satisfies the Palais-Smale condition in the sense
of Chang [2] for locally Lipschitz functionals. Towards this let {u } CH; be a
sequence such that 1(u,) is bounded, say

lu)l<¢c,, n=1, (24)
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and there is w, € dl(u,,) with

W, -~ 0inHY asn - . (2.5)
We claim that
{u.}isbounded in H . (2.6)

Taking into account (2.4) and (2.5), for n sufficiently large, we can write
1 1
ot 2 Tl = € + = Juo

1
=| - — U,
(0) = 3 (0
Ly [ (-t
2(2_ M>“un“L2+ o <J(t' un)_ Mzn'un> dt
T
+<i—1>f e-u, dt
M 0

2D+ [ (; Lo, u,;
2(2 — M>||Un|||_2+ o <](t, Un)_ MJ (ta un7un)> dt

1
7 1) lellu. -

where z,(t) € 9, j(t, u,(t)) for ae. t € (0, T). Then, using assumption (j,), one finds
a constant ¢, such that

1 1 1), . 1
o+ lunl=(5 = el + el = o, + (5 = 1 )l A= 27)

Since u >2 and a >0, estimate (2.7) shows that property (2.6) is true.
The duality map A:HX — HY" is given by

A=A+B, (2.8)
with A, BEL(H}, HX") expressed as follows
T
<Au,v>=j u-vdt
(0]
and
.
<Bu,v)=j u-vdt,
(0]
for al u,vEH?.

Denote by i:HI - L™(0, T; R") the inclusion map, which is known to be
compact. The element w, € dl(u,,) can be expressed as follows

w, = Au, +i*z,i — Be, for some z, € 9J(u,) .
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In view of (2.5) we know that

Au, +i*zji—Be - 0inHY asn - . (2.9)
Property (2.6) yields that along a subsequence one has

u, -~ uinL?0, T;R") asn - o (2.10)

for some u€ H3. Again by (2.6) we derive that {u,} is a bounded sequence in
L*(0, T; R"). Recal that the functional J is Lipschitz continuous on bounded
subsets of L”(0, T; R"). This fact ensures the boundedness of the sequence {z} in
L*(0, T; R"). Then the compactness of the adjoint operator i* enables us to obtain
that, for a renamed subsequence, {i*z,i} converges in Hi*. From (2.9) we see that
{Au,} converges in Hi*. Combining with (2.10) we infer from (2.8) that {Au,}
converges in Hi*. Consequently, we found a subsequence of {u,,} denoted again by
{u,} which is convergent in H1. This completes the proof of Palais-Smale condition
for the functional 1.

The next step of the proof consists in showing the following estimate: there exists
6 >0 such that

I(u) = min{% , y}(SZ , Vu|=5. (2.11)

In writing (2.11) we used the constant y > 0 given in assumption (j,).
Indeed, the continuity of the inclusion map i:HI - L™(0, T; R") provides a
constant ¢ > 0 such that

lull. - <clull, YueHZ. (2.12)

Then, setting 6 =r/c, with r >0 given in (j,), inequality (2.12) and assumption
(j,) imply that

1
i@ =min{ .y P, viu=s.

In particular, we get assertion (2.11).
In order to complete the justification of requirements in the nonsmooth version of
Mountain Pass Theorem we need the following formula

A Hjt, X)) = —us “ Y, ) +s “o.jt,sx, VIER, xER", s>0,
(2.13)

where the notation 9, stands for the generalized gradient with respect to the variable
s. Lebourg’'s mean valued theorem and equality (2.13) ensure that for every s> 1
there is a 7 € (1, 9) such that for every t € R, x € R" one has

S Hj(t, ) — j(t, X) € (—ur “ Tt ™) + 7 Mot ™X)(s—1).
It follows that
ST S) —jt =<7 " s — 1)(jolt, ™ 7X) — it 7)),
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for dl tER, x€R", s> 1. On the basis of condition (j,) one deduces that
jt, ) <s"j(t,x) + 7 “ (s — 1)s*u(—alrx|* + B)
for dl tER, x€R", s> 1. It turns out that
B 1/2
jt,sx) <s"jt,x), VteER,s>1, x| 2(;) ) (2.14)

We point out that we can use in estimate (2.14) the point x =X, prescribed by
hypothesis (j,). Consequently, from (2.14) we obtain that

T T
(5= 50 s | e xpat=s | it xg) ot + el e
whenever s> 1. Since u > 2, assumption (j,) yields
I(sX,) » —©ass - +oo. (2.15)

Property (2.15) alows to conclude that for s sufficiently large one has that
1(sX,) <0 and ||sx,|| > 8. Therefore al the assumptions of Mountain Pass Theorem
for locally Lipschitz functionals are fulfilled in the case of function | on the Hilbert
space H7. Then there exists a point u € H3 such that

0€ al(u) (2.16)

and
I(u)= min{% , y}62>0. (2.17)

Comparing 1(0) = 0 with (2.17), we derive that u# 0. Relation (2.16) reads as

f u(t) - vit) dt+f &) - v(t) dt—f et)-v({t)dt=0, VvEHT. (2.18)
From (2.18) we derive that u admits a weak derivative which is equal to
U(t) = &(t) — et) forae. te (0, T). (2.19)

Hence, according to (2.19), (2.18) (taking v to be the vectors of the canonical basis
in RY) and the regularity information ¢ €L*(0, T;R"), we derive that ue
W20, T; R"). By means of (2.18) and (2.19), it is seen that u satisfies

U(T) = u(0) + fo {i(t) dt = u(0) + fo (&) — eft) dt = u(0) .

We thus established that u fulfills the conditions of solving problem (2).

It remains to check that the constructed solution u is not constant. Arguing by
contradiction, let us admit that u(t) =y, Vt. Then, by (), one has e(t) € 9, |(t, y)
for ae. t&€ (0, T), so one can apply hypothesis (j). Accordingly, by (j;), we derive
that
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1) = I(y) ZL [itty) —e(t)-yldt<O0.

This contradicts relation (2.17). The proof of Theorem 1.1 is thereby completed.

3. A multiplicity result for problem (%)
In this section, we will suppose that
et)=0, VteR.

We have the following multiplicity result.

THEOREM 3.1. Suppose that assumptions (j,)—(j,) hold, and moreover j(t, -) is
even for every tER, i.e, jt, —X)=j(t,x) for al (t,x) €R X R". Then () has
infinitely many pairs (u, —u) of nonconstant T-periodic solutions.

Proof. It is clear that the functional | defined in (2.3) (without €) is even. Since
by (jo), i(t, 0) =0, then I(0) = 0. In the proof of Theorem 1.1, we have shown that |
satisfies the Palais-Smale condition and the estimate stated in (2.11). In order to
apply to | the symmetric version of the Mountain Pass Theorem, it suffices to prove
that | satisfies the following condition: for all k € N*, there exists a subspace E of
H: with dim(E) =k such that

I(u) > — as|ul| - +», UEE.

Let ke N* and let E be a subspace such that dim(E) = k.
By the equivalence of the norms on a finite dimensiona subspace, we have

lul?<C|u)? VYueE, (3.20)
where C = C(E) >0 is a constant.
Let
m:= inf 7[ a(t)|ut)|” dt. (3.22)
lull.=2r Jjuct)|>7

uekE
It is clear that m> 0. By (3.20) and (j¢), we have
C, 2 J’

(W) <—=|ul. —
@=7iz-]

Since the function j(t, -) satisfies the Lipschitz condition on bounded sets stated in
(j,), there exists a constant ¢ > 0 such that

. a(t)|u(t)|” dt + fl o j(t, ut)) ot .

J i, u) dt<c.
lu®)|=r

Consequently, the following estimate is valid
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C. 2 IIUIIZJ |u(t)|”
<+ |ulf — == a(t)2’r” —dt+c
U =7 [ullz = 5 ol (t) il

m
2r”
Since v > 2, we deduce that 1(u) - — as |jul| - +«, uEE.

Hence we are in a position to apply the nonsmooth version of Symmetric
Mountain Pass Theorem which yields the desired conclusion. This completes the
proof. O

C
<Z P~ s Ul + e, VueEo).
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